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1 Introduction 



Solitons, namely smooth localized solutions of nonlinear partial differential equations, have a long 
history in mathematical and physical sciences and can now be considered as a subject on their 
own. The number of physically relevant applications of soliton theory is huge and ranges from 
nonlinear optics to astrophysics. While in the mathematical literature the term soliton is mostly 
associated to integrable systems, in the framework of modern Lorentz-invariant field theories it 
refers to smooth localized solutions of field equations, that in general do not exhibit integrability. 
A particularly interesting class of solitons is represented by those solutions of the field equations 
which satisfy Bogomolnyi-Prasad-Sommerfield (BPS) bound, that is a lower bound for the energy 
functional. They are topologically stable and can be shown to actually satisfy first order, instead 
of second order, partial differential equations that do not involve time derivatives (BPS equation). 
Abrikosov-Nielsen-Olesen (ANO) vortices [1| at critical coupling , 't Hooft-Polyakov monopoles 
with massless Higgs field [2] and instantons in Euclidean Yang-Mills theory [3] are prominent 
examples (a standard reference is [1]). One characteristic feature of BPS solitons is that there 
exist no static forces among them. Therefore a large number of soliton configurations are allowed 
with degenerate energy, and consequently generic solutions contain moduli parameters (collective 
coordinates) . The space of solutions of a given set of BPS equations is called moduli space and 
is parameterized by those moduli parameters. 

The complete characterization of soliton moduli space is not only mathematically attractive, 
but has deep physical implications. In fact, while the dynamics of solitons in the full field theory 
is usually inaccessible (sometimes even numerically), following the idea of Manton [5] one can 
argue that at sufficiently low energies the time evolution is constrained by potential energy to 
keep the field configuration close to the moduli space, which is in general finite dimensional. The 
problem is then reduced to analyze the motion on the moduli space, which is actually a geodesic 
motion of the metric induced by the kinetic term of the field theory Lagrangian. 

However, although a number of mathematical structures have been found in various cases, the 
explicit determination of moduli space metric can be very difficult in practice. For example, the 
moduli space of k SU (2) monopoles reveals a hyper-Kahler structure, which is quite restrictive, 
but the metric is explicitly known only in the k = 2 case, namely the Atiyah-Hitchin metric 
[6l[7]. Even in this case the geodesic motion is not integrable, except in a situation where one is 
allowed to use the asymptotic form of the metric. The asymptotic metric for well-separated BPS 
monopoles was constructed by Gibbons and Manton [S]. For other gauge groups the Weinberg- 
Lee-Yi metric is well known [9]. 

For BPS Abelian vortices (ANO vortices) in flat space = C, the fc-vortex moduli space was 
shown to be Kahler and a symmetric product Ai^ ^ C^/Sk, where Sk denotes symmetrization 
|10j . For the metric on it, a major step was made in the work of Samols [llj, where a general 
formula for the metric was given in terms of local data of the solutions of BPS equations. A Kahler 
potential for such metric could then be found easily (for a direct approach to the calculation of 
the Kahler potential with different arguments see [12] )• Subsequently Manton and Speight [13] 
calculated the local data for well-separated vortices and, making use of Samols' formula, explicitly 
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wrote down the asymptotic expression of the moduh space metric for k vortices. Recently the 
moduh space metric was given for vortices on a hyperbohc space [H] in which case the system 
is integrable [15] . 

BPS non-Abehan vortices in more general Higgs models with non-Abelian gauge symmetry 
were introduced in [161 113 (for a review see fl8\ [T9]). Such configurations are parametrized not 
only by position moduli, but also by orientational moduli, that appear due to the presence of a 
non-trivial internal color-flavor space; it was found that a single vortex moduli space is 

Mk=i,N ^ C X CP^-^ (1.1) 

for U{N) gauge theory with Higgs fields in the fundamental representation. The Kahler class 
on CP^~^ was determined to be 4:7i/g'^, with g the gauge coupling constant pO]. The analysis of 
the moduli space has gone through many developments especially after the introduction of the 
moduli matrix formalism [2T]-[3n] (for a review of the method see [I9]). The moduli matrix is 
a matrix whose components are holomorphic polynomials of z (codimensions of vortices), and 
it contains all moduli parameters in coefficients [21] . The moduli space of multiple vortices at 
arbitrary positions with arbitrary orientations in the internal space was constructed in [2l]. A 
general formula for the Kahler potential on the moduli space was obtained in [25]. For separated 
(not necessary well-separated) non-Abelian vortices, the moduli space can be written as the 
symmetric product of k copies of the single vortex moduli space (11.11) [23]: 

Mk,N ^ (C X CP^-i)V5fc. (1.2) 

where the arrow denotes the resolution of sigularities; The space on the right hand side contains 
orbifold singularities which correspond to coincident vortices, while the full moduli space Aik,N on 
the left hand side should be regular. By evaluating the Kahler potential [23] of the moduli space 
at linear order, it was explicitly shown in [27] that the metric is actually regular everywhere even 
at coincident limits of two vortices [26] . The head-on-collision of two vortices was also studied 
in [27]. 

The purpose of the present paper is to give the metric and its Kahler potential on the moduli 
space (II. 2p for well-separated non-Abelian vortices. Our main results are the generalization of 
Samols' formula to the non-Abelian case and, starting from that and from the asymptotics of non- 
Abelian vortex solutions [30], the derivation of the explicit metric and its Kahler potential. The 
final form of the metric exhibits an evident interplay between spatial (position) and orientational 
moduli, opening up a rich variety of possibly interesting dynamics, that will be the object of a 
further investigation [21]. In this paper we concentrate on local vortices, namely vortices in U{N) 
gauge theories with Higgs fields in the fundamental representation in the same number as the 
number of colors (while semi-local vortices [32] exist in theories with more fundamental Higgs 
fields [331 [29]). We also restrict ourselves to U{N) gauge group although non-Abelian vortices 
with gauge group G x U{1) with arbitrary simple group G have been recently constructed in 
[33]^[SB]- We leave generalizations to those cases as future works. 

The paper is organized as follows. In Section [2] we define the model and review the construc- 
tion of non-Abelian vortices in the moduli matrix formalism. In Section Owe find the non-Abelian 
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extension of the Samols' formula for the metric on the moduh space and in Section H] we show how 
it can be made exphcit in the case of well-separated vortices, which means to find the asymptotic 
metric and its Kahler potential. In Section |5] we obtain the latter result by means of a more 
physical method, namely point-particle approximation. Some details of the calculation are given 
in Appendix El 



2 Review of non-Abelian local vortices 
2.1 Lagrangian and BPS equations 

Let us consider a U{N) gauge theory in (2 + l)-dimensional spacetime with gauge fields 
for f/(l), (a = 1, . . . , _ 1) SU{N)c and Higgs fields {A = 1, . . . , N) in the 
fundamental representation of the SU{N)c gauge group. The Lagrangian of the theory takes 
the form 

^ = -^iUur-^,{Fp' + {V''HyV,H^-V, (2.1) 
V = ^{Hit'H^-0' + ^iH\eHy, (2.2) 

where ^ is the Fayet-Iliopoulos parameter, e and g are gauge coupling constants for f/(l) and 
SU{N)c, respectively. Our notation is V^H^ = (5^ + iWf,t^ + iW^t'')H^ and f^^t^ + F^X = 
—i[D^,V^]. The matrices t° and t"- are the generators of U{1) and SU{N), normalized as 

= -i=l^, Tr(rt^) = (2.3) 

As is well known, the Lagrangian Eq. (12. ip can be embedded into a supersymmetric theory with 
eight supercharges. The Higgs fields can also be expressed as an A^-by-A^ matrix on which the 
SU{N)c gauge transformations act from the left and the SU{N)p flavor symmetry acts from the 
right 

H UcHUl, Uc G SU{N)c, Up G SU{N)f. (2.4) 
Using this matrix notation for the Higgs fields, the vacuum condition can be written as 

HH^-v^1n = ^, v'^^^- (2.5) 

The vacuum of this model is in an SU{N)c+f color-flavor locking phase, where the vacuum 
expectation values (VEVs) of the Higgs fields are 

H = v1n. (2.6) 

In this vacuum, the mass spectrum is classified according to the representation of SU{N)c+f 

■trie = ev, rrig = gv, (2.7) 
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where me is for singlet fields and nig is for adjoint fields. 

Considering a static configuration, the BPS bound for the energy reads 

E > -v^ [ rf2xTr(/i2t°) = 27iv^k, keZ. (2 J 



The bound is saturated if the following BPS equations are satisfied: 

V,H = 0, 4/i2t° + 4^i"2^" = ™^ - ^'1^' (2-9) 

where z = + ix'^ is a complex coordinate. To solve the BPS equations, it is convenient to 
rewrite the gauge fields in terms of matrices S'e((x Iat) G C* and Sg G SL{N, C) 

= ^{w, + lW2)t' = -lS~^dSe, (2.10) 

W^f" = -{W^ + iW^)t'' = -iS;^dSg. (2.11) 
2 ^ 

Then, the first BPS equation V^H = can be solved as 

H = S^'Sg'Hoiz), (2.12) 

where Hq{z) is an arbitrary N-hj-N matrix which is holomorphic in z. The second BPS equation 
becomes [211 [24] 

-^d{n,dn^') + -^Bingdn-^) = v-^HoH^n-^n;' - (2.13) 

mi mi ^ ^ 

where f2e(oc Iat) and VLg G SL{N,C) are positive-definite Hermitian matrices defined by 

= s,sl ng = SgSl (2.14) 

We call Eq. fl2.13p the "master equation" for non-Abelian vortices. 

By using the matrices Hq{z), flf. and fig, the BPS equations can be solved by the following 
procedure. Taking an arbitrary holomorphic matrix Ho{z), we solve the master equation (12.131) 
in terms of Qe and Qg with the boundary conditions such that the vacuum equation (12. 5p is 
satisfied at spatial infinity \z\ oo. Explicitly, they are given by 

Qe ^ v~^\detHo\7ri^, Qg ^ \ det Ho\-7r HqHI (2.15) 

From the positive-definite hermitian matrices Qg = SgSl and Qg = SgS^g, the matrices 5*6 and 
Sg can be determined uniquely up to f/(l) x SU{N)c gauge transformation Se — )■ S'eC"*", Sg — )■ 
SgU~^. Then, the physical fields can be obtained via the relations Eq. fl2.10p . Eq. (12. lip and 
Eq. (12A2|1 . 

As a consequence of the definitions (I2.10p . (12. lip and (I2.12p . the master equation (I2.13P 
possesses a symmetry under the so-called "^-transformation" |2Tl |24] 

SgSe -> V{z)SgSe, Ho{z) ^ V{z)Ho{z), (2.16) 
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where V{z) G GL{N, C) is an arbitrary non-singular matrix holomorphic in z. Since the physical 
fields Wf^, and H are invariant under ^-transformations, f l2.16p defines an equivalence relation 
on the set of holomorphic matrices Hq{z) 

Ho{z) ~ Viz)Ho{z). (2.17) 

There exists a one-to-one correspondence between the equivalence classes Hq ~ VHq and points 
on the moduli space of the BPS vortices [211 EB [ISl EZ]- In this sense, we call Hq{z) the "moduli 
matrix" and the parameters contained in Hq{z) are identified with the moduli parameters of 
the BPS configurations. For example, the vortex positions for a given moduli matrix Hq{z) can 
be determined as follows. Since a part of gauge symmetry is restored inside the vortex core, 
the vortex positions can be defined as those points on the complex plane at which the rank 
of the matrix H becomes smaller than N, namely they can be determined as the zeros of the 
holomorphic polynomial deti^o- 



2.2 Single vortex configurations 

As an example, let us consider configurations of a single vortex located ai z = Zq. Since zeros of 
the polynomial det Hq correspond to the vortex position, we consider the set of moduli matrices 
whose determinant is deti^o = z — Zq. For example, in the case of = 2, any moduli matrix 
with det Hq = z — Zq is V^-equivalent to the moduli matrix of the form p2] 



-(3 1 J \0 z-zq J ' /3 

In addition to the translational moduli parameter zq, there exists one parameter /3 that can be 
viewed as an inhomogeneous coordinate of CP^. This internal degree of freedom, which is called 
the orientation, corresponds to the Nambu-Goldstone zero mode of SU{2)c+f symmetry broken 
by the vortex. The homogeneous coordinate of CP^ can also be extracted from the moduli 
matrix as follows. Since ranki^o drops at z = zq, there exists an eigenvector of Hq with the null 
eigenvalue at z = zq. In other words, there exists a constant A^- vector (p such that 

(^o0)|_„ = O, ^o^(^)- (2-19) 

The vector is called the orientational vector and corresponds to the homogeneous coordinates 
of CP^. In the case of general A^, a single vortex configuration breaks SU{N)c+f down to 
SU{N — 1) X f/(l), so that the orientational moduh space is 

CP^-i - SU{N) 

~ su{N-i)xu{iy ^^-^^^ 



In this case, the generic moduli matrix with det Hq = z — zq is equivalent to 

- Zq 

-/3 1n-i 



^0=1'".'°/ 1 , (2.21) 
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where — 1 parameters /3 are the inhomogeneous coordinates parameterizing the internal ori- 
entation CP^^^. As in the case of = 2, the orientational vector can also be defined by 
{HQ<f))\z=zo = 0, corresponding to the homogeneous coordinates of CP^^^. 

Next, let us briefiy review some properties of the solution of the master equation fl2.13p for the 
single vortex configuration [30]. First, note that the moduli matrix Eq. fl2.2ip can be rewritten 
as 

H,^V(.)[^-'' ^°Ju (2.22) 

where the matrices V{z) G SL{N, C) and U G SU{N)p are given by 

1 _(£-£0)^ \ 

V = I v^iW , (2.23) 

(1 - P) + VT+Wp J 

U = I \ (2.24) 

(1-P) + ^^P / 

and the (A^ — l)-by-(A^ — 1) matrix P is defined by 

P = 2.25 

It is convenient to use the following ansatz for Qe and Qg 

= v-^e^^^"", Qg = Ve^'^V\ (2.26) 
where ipe and ijjg are smooth real functions and the matrix T G su{N) is given by 

T = diag(Ar-l, -1, ■■■ , -1). (2.27) 
Then, the master equation (12.131) reduces to the following two equations for the functions ipe and 

^dd^Pe = e^^-^^ (1 - k - zol^e-^^^) + N(l - e^^-^^), (2.28) 
mj 

^dd^„ = e^^-^^ (1 - k - zol^e-""^^) . (2.29) 
rrig 

The boundary conditions for ip^ and ipg can be read from Eq. (12.151) as 

1 1 
i^e ^ j^^oglz - zo\'^, ijg ^ —\og\z - Zo\^. (2.30) 

By using the relation Eq. fl2.14p and choosing an appropriate gauge, we obtain the matrices Se 
and Sg in terms of the functions ipe and ipg as 

= y-^e^^^^^, Sg = Ve^^^^U. (2.31) 
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Then, the solution can be obtained through Eq. (12. lip and Eq. (12.121) as 

H = -y e~5('^=l'v+^sT)3)g-^(l]V+7»log(^-2o)^ (2.32) 



= -^diJelN, (2.33) 
W^e = -'-d^.Tf,, (2.34) 
where we have defined the matrix Tg by 

^ U^TU = - 1^, cx 1^ ^ j . (2.35) 

Now let us look at the asymptotic forms of the single vortex solution. The functions ijje and ifjg 
behave near the vortex core as 

2 

= ae + ^ [e»«-'^= + iV(l-e'^^-"0] k-^o|' + 0(k-^o|'), (2.36) 

2 

Tfl 

= a, + ^e'^«~'^^|^-2op + 0(|^-zo|'), (2.37) 

where and are constants. On the other hand, the asymptotic forms of the function^ ijje 
and iljg for large |2; — 2;o| are given by [30] 

V'e = ^log|z-^o|' + Ceiro(mek-^o|) + (^(e-'"^'=l^~^''l, e-""^''~'"'), (2-38) 

i)g = ^log\z-zo\^ + CgKo{mg\z-zo\) + 0{e-^'^^^'-'°\e-^'^^+"'^^^'-'°^), (2.39) 

where KQ{m\z — zq\) is the modified Bessel function of the second kind. The constants Ce and Cg 
depend on the ratio mg/rrie and A^. In case of rrie > 2mg, the term proportional to Kolmelz — Zol) 
is actually not dominant in Eq. (l2.38p compared to the contribution of order e~'^™'^^^~^°^. We then 
concentrate on the case with rUe < 2mg so that the above form is the proper approximation. As 
we will see, however, Eq.f l2.38p and Eq (l2.39p are sufficient to determine the metric to the leading 
order even for the case rUe > 2mg. 



3 Effective Lagrangian for non-Abelian local vortices 

In this section, we derive a formula for the metric on the moduli space of non-Abelian local 
vortices which generalizes the celebrated Samols' formula for Abelian vortices |llj . 

3.1 Formula for the metric on the moduU space 

The moduli space of the BPS vortices is a Kahler manifold whose holomorphic coordinates are 
identified with the complex parameters contained in Hq{z). The effective low-energy dynamics 

^ The function ipg^ipe of the SU{N), U{1) parts here are related to those in Ref.|30j by -i/jg"'" — j^^ip^^ + 
;^ log |z - zop, and Ve"'" = V'P^ + w^og\z - Zo\^. Consequently, the coefHcient c^''"' = cf^/{N - 1). 
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of the BPS vortices are described by an effective Lagrangian of the form 



(3.1) 



where 0* are the holomorphic coordinates, gfj is the metric of the moduh space of non-Abehan 
vortices, and K is the Kahler potentiaL By using the moduh matrix Hq{z) and the solution 
(f2e, ^g) of the master equation f l2.13p . the Kahler potential of the moduli space can be formallj]^ 
written as 



K = v^ d^x Tr 



m 



tn-in-i 

9 



(3.2) 



where )C{Q) is a quantitjl^l which satisfies the following identity for a small variation f2 — )■ + 5^2 



(3.3) 



As a consequence, by varying the Kahler potential K with respect to Qe and Qg, we can show 
that K is minimized by the solution of the master equation fl2.13p . Therefore, the derivatives of 
the Kahler potential with respect to the moduli parameters are given by 



(3.4) 



Note that is anti-holomorphic in 0*. From this property of the Kahler potential, we obtain a 
simple form of the effective Lagrangian 



^eff 



- I d^xdjTiiStHoHlng'n;'), 



(3.5) 



where the differential operators 6t and 6} are defined by 



Si = ^4 



(3.6) 



Now we rewrite the effective Lagrangian in terms of local data in the neighborhood of each 
vortex. Let us assume that det Ho has zeros at z = zj {I = 1,2, ■ ■ ■), namely 



detHoiz) = Y[{z-zi). 
1=1 



(3.7) 



^ To make the Kahler potential finite, we need to add counter terms which can be regarded as a Kahler 
transformation. 

^ The explicit form of /C(f2) is given by 

»1 i-s 



TrlC{n)=f ds I dtTr [9we*'^aa;e-*"] 
Jo Jo 



UJ 



EE losn. 



9 



Let be the disk of radius e centered at z = zj 



Di = {zeC\ \z- zi\ < e}. 



(3i 



It is convenient to decompose the domain of integration C into the disks and their complement 
C — IJ D^. Since the integrand in (13.51) does not have any singularity, the integral over the disk 
Di vanishes in the zero-radius limit e — )• 



lim / (fx SlTT{5tHoHln-^n-^) = 0. 
Jdi 



(3.9) 



Therefore, the effective Lagrangian can be evaluated by integrating over C — ^ and then 
taking e — )■ limit 



Leff = lim 



(3.10) 



Using the master equation (I2.13P the integrand can be put in the form of a total derivative as 



4Tr 



v^dTi 



mi 



m 



(3.11) 



where we used the fact that SiHqHq^ is holomorphic with respect to z and the moduli parameters 
0* on C — ^ Dl. For Stokes' theorem, the integral of Eq. (13. lip over C — ^ Dl can be replaced 
by an integral along the infinitely large circle 5^ and the boundaries of the disks —dDj,. Since 
the integrand falls off exponentially at spatial infinity, the contribution from 5*^ vanishes and 
the effective Lagrangian becomes 

,2 



^eff 



V 

'2i 



Elim 



1=1 



dz Tr 



dDl 



m 



(3.12) 



Since each integral picks up the terms which behave as l/{z—zi), it can be evaluated by expanding 
the integrand around z = zj. 

First let us consider the case where all the zeros of the polynomial detifo(^) are isolated. In 
this case, the matrix SfHoHQ^ has the first order pole ai z = zj 



StHoHQ ^ 



Q 



h {regular at z = zj}. 



. _ , (3.13) 

z — Zj 

Since the remaining part of the integrand is non-singular, it can be expanded around z = zj as 



6l(A,ngdn-' + A,n,dQ:A = ^iCi - 6jBj + o{\z - zi\ 

\m^ ^ m^ J 



where the matrices Bj and Cj are defined by 

4 



Bi 
Ci 



lim 

Z—^Zj 

lim 

2;— >z/ 



m^ ^ ml 



m 



mt 



(3.14) 

(3.15) 
(3.16) 
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Then, the effective Lagrangian can be written as 

I 

From the master equation fl2.13p . we evaluate Cj: 

Ci = 1n- v'^H^Hln-^n-^\^^^^. 

Therefore, the effective Lagrangian reduces to 

i^eff = vrt;2^[|i,|2 + Tr(Q,5j5, 



(3.17) 



(3.18) 



(3.19) 



where we have used TrQ/ = — i/ and 



QiH,Hln-'n-^\ 



I Z = Zl 



hm [z - Zi)5tHoHlVL-^VL-^ = 0. 



z—^Zl 



(3.20) 



Note the strong similarity between Eq. f l3.19p and Samols' formula [TT] (although the analogy 
between the definitions of our quantities Bj and the corresponding ones of Samols is not complete, 
as it is made explicit in Section H] Eq. (14.131) ). 



3.2 Example: single vortex 

As an example, let us consider the single vortex configuration. For the moduli matrix Eq. ( I2.2ip . 
the matrix Q can be calculated as 



Q = lim {z - zo)StHoHf^ 



-1 



2->20 



-zo 
-/3 On I 



(3.21) 



On the other hand, the matrix B can be calculated by using the ansatz Eq. (12.261) as 



B = — lim 

Z-S>20 



m 



mt 



lim VdV-^. 



(3.22) 



Note that both functions ipe and ipg satisfy lim^^^p dipe = lini2-i.2o d^ipg = (see Eq. fl2.36p and 
Eq. fl2.37p ). From the explicit form of the matrix V given in Eq. (12. 23 p . we find that the matrix 
B is given by 



B 



4 / 

V 



/3t 



N-1 



(3.23) 



Substituting Q and B into (I3.19p . we obtain the following effective Lagrangian for a single non- 
Abelian vortex 



477-., (l + |/3|2)l-/3/3t 



9^ 



2^2 



/3. 



(3.24) 
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3.3 Coincident case 



Next, let us consider the case of coincident vortices. If det Ho{z) has kj-th order zero aX z = zj, 
the matrix dtH^HQ^ has the following Laurent series expansion 

StHoH^' = J2 77377 + {regular at ^ = zr}. (3.25) 
On the other hand, the remaining part of the integrand is non-singular and can be expanded as 
—ngdQg' + —QedQ;' ] = Rl,{z - zjfiz - -ziY. (3.26) 

a e / p,q=0 

Then, the effective Lagrangian can be written in terms of the coefficients Qp and Rp ^ as 

ki 

Le« = -nv'Y,J2^^^Qi^Uo)- (3.27) 

I p=i 



4 Asymptotic metric for well-separated vortices 

In this section, we consider the asymptotic form of the metric on the moduli space for k well- 
separated non-Abelian vortices by generalizing the results for Abelian vortices [13] . 



4.1 Asymptotic metric for Abelian vortices 

First, let us rederive the effective Lagrangian for well-separated vortices in the = 1 (Abelian) 
theory [13]. Our approach here has essentially the same spirit of Section 2 in [13J, however our 
use of complex notation will make more transparent some properties retained by the solutions of 
the linearized vortex equation, which are crucial for the derivation of the result. 

In this case, the moduli matrix Hq{z) is a holomorphic polynomial of z and can be written as 

k 

Ho{z) = l[{z-zj), (4.1) 

1=1 

where k is the number of vortices and z = zj {I = 1, ■ ■ ■ , k) are the positions of vortices. To 
calculate the asymptotic metric for well-separated vortices, it is convenient to define the function 

^ by 

z/^ = logfie -log|i^oP + logt;^ (4.2) 
Then, the master equation fl2.13p can be rewritten in terms of ip as 

A,dd^ + - 1 = -i^ V 6\z - zj), (4.3) 
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where boundary condition for large is given hj ip ^ 0. Let us consider the hnearized equation 
for the small fluctuation Aip around the background solution ip 

( A,dd - e-A Atp = 0, z=^ zj. (4.4) 
\mi J 

Let Ai?/' and be linearly independent solutions of the linearized equation. Then, the "cur- 
rent" (j^, js) defined bjfl 

J, = A(A,^)9(A2V^) - (1 o 2), J, = -^{A^iJ)^{A2iJ) - (1 ^ 2), (4.5) 

satisfies the following "conservation law" except at the vortex positions 

dj, + dj, = 0, zi. (4.6) 

Therefore, the contour integrals 



(li = W-f (dzjz - dzj,), (I = !,■■■ ,k) (4.7) 

>Ci 



2ni 



are invariant under continuous deformations of the contour Cj surrounding z = zj. This property 
of the invariants qi can be used to relate the local data in the neighborhood of each vortex to 
the asymptotic data. 

As the first solution of the linearized equation, let us take the derivative of ip with respect to 
the J-th moduli parameter zj (no sum over / is implied) 

Ai^ = 6t^ = zi^. (4.8) 

OZj 

Note that 6tip satisfies the linearized equation (14. 4p except at z = zj. As the second solution, we 
take the difference of the full fc-vortex solution and the single vortex solution ipj satisfying 

-^dd^^j + e-"^' + l = -A,S^{z-zi). (4.9) 

Note that the difference of the solutions 

A2^ = ^-^i (4.10) 

is an approximate solution of the linearized equation (14.41) since both 'ip and -ipi satisfy the same 
equation except ai z = zj {J ^ I) and furthermore their difference is small if |z — zj| ^ for 
all J^I. 

Let us first calculate the contour integral by taking the zero radius limit of the circular contour 
Cj surrounding z = zj. Since the integral picks up the terms which behave like l/{z — zj) and 
l/{z — zj) in the zero radius limit, it can be evaluated by expanding the integrand around z = zj 

2 

ij = -\og\z-zi\'^ + ai + bi{z-zi) + bi{z-zj) + ^\z-zif + ---, (4.11) 

9 

ipi = -\og\z-zi\'^ + di + -^\z-zi\'^ + --- , (4.12) 



Note that and jz are not complex conjugate in general. 
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where the coefficients 6/ are related to Bj = -^d log f2 



e I z=zj 



4 2;/ — zj 



(4.13) 



Therefore, Aiip and A2'?/' behave around z = zi as 



2/ dai . ■ /- - N , 

h -;^zi - bizi r^n^ ~ ^i) + 

z — zi ozi 4 



A2'?/' = a/ - a/ + 6/(2; - 2;/) + ^/(z - z/) + 
From this behavior of the functions Aiip and A24', we obtain 



4 , / 4 1 A 

\ mi zi - zj J 



(4.14) 
(4.15) 

(4.16) 



On the other hand, the integral can also be evaluated along a large contour on which the solutions 
can be approximated by their asymptotic forms 



^ = ^CeKo{me\z - Zj\) ^ , 

J=l 

tpi = CeKo{me\z - Zj\) H , 

Therefore, Aiip and A2'?/' have the following asymptotic forms 

d 

Aitp = CeZi—Ko{me\z - Zi\) ^ , 

A2^ = ^CeKo{me\z - Zj\) ^ , 

From these asymptotic forms of the functions Aitp and A21P, we obtain 



(4.17) 
(4.18) 

(4.19) 
(4.20) 



4c|. _d_y^ f \( dz_ 

'ml^^dzij^^J [\27Ti 

4c2 . 9 >r;^ 

;zi— 2_^Ko{me\zi - zj\). 



Koinielz - zi\)dKo{me\z - zj\) - (/ ^ J) + (c.c.) 



rrip dzj 



(4.21) 



Comparing two expressions of qi, we can relate the local data and the asymptotic data as 



2c? d 



zjBi = ^ Ko{me\zj - zj\) + 



ml dzj 



4 zi 
ml zi - zj 



Since the constant Qj are given by 

Qi = lim {z - zi)StHoH^'^ 



Z—^Zl 



(4.22) 



(4.23) 



^ Here the difference between our Bj and Samols' bj is evident, however it is obvious that if one operates with 
Sl, like in the final formula for the metric, the outcome is the same. 
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we obtain the effective Lagrangian from Eq. (13.191) as 



L^S = T^V^ ^ \Zl\^ - ^2_,^o("^ek/ - Zj\)\zi - Zj\^ 

where we have used (no sum over / is imphed) 
d d d d 

4:——Ko{me\zj - Zj\) = -4:^:^^:^Ko{me\zi - Zj\ 



dzi dzj 



dzi dzj 



mlKo(me\zi - zj\ 



(4.24) 



(4.25) 



4.2 Asymptotic metric for non-Abelian vortices 



The most generic form moduh matrix for multi- vortex configuration is given by 

^ I ^<:| ; ) . Pi.) - n(. - m ^-p.u^^ 



(4.26) 



There are complex moduli parameters for each vortex. One is the position moduh zj and the 
others are the orientational moduh /?/. Note that the orientational vector for the vortex located 
at z = zj is 



4> oc 



1 

/3/ 



Z = ZJ 







(4.27) 



To calculate the asymptotic metric for well-separated vortices, it is convenient to redefine the 
matrices Qg and Qe by 



n., = \ det HJ^ H-^n„Ht^ 



f^ldetifol ^^e- 



The matrices Cl^ and Clg satisfy 



-^BiCiM;') + -^Bingdn,') - n-'n-' + 1^ = 0, z^ zj. 



m 



The boundary conditions Eq. fl2.15p can be translated into those for Cle and Qg as 



(4.28) 

(4.29) 
(4.30) 

(4.31) 



For a given background solution (fig, fig), let us consider the following linearized equation for 
small fluctuations (Afie, AQg) 



mi 



mt 



A{hgdVL-^) - VL'^VL-\VLgAVL-^ + VL^AVL-^) = 0, z ^ zi. (4.32) 



As in the case of the Abelian vortices, we can define the "conserved current" (j2,jg) from the 
solutions of the linearized equation fl4.32p as 



Tr 
Tr 



m 



-{l^ 2), (4.33) 
-{1^ 2). (4.34) 
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As the solution of the hnearized equation, we take the derivatives of Clg and Clg with respect to 
the moduh parameters 

Al^ie = SA, ^l^g = StQg, (4.35) 

and the difference of the full solution {Cl^, Clg) and the single vortex solution (f2e/, Clgj) 



el, 



(4.36) 



From the fact that the current {jz,jz) satisfies the conservation law djz + djz = 0, the contour 
integrals 



Qi 



2TTi 



(dzjz-dzj^), {I = 1,2,- ■ ■ ,k) 



(4.37) 



Ci 



are invariant under the continuous deformation of the contour Cj surrounding z = zj. By 
expanding the integrand around z = zj and picking up the terms which behave like l/{z — zj) 
and l/{z — zj), the contour integral qj can be evaluated in the zero-radius limit as 



Qi 



2Tr 



QiBi 



2Tr 



Qsingle^single + 



8 f3\ ■ f3i 
2- + ^^^'^^ ' 



(4.38) 



where f{zj, /3j) is a holomorphic function of the moduli parameters. Next, let us evaluate the 
integral along a large contour on which the solutions can be approximated by their asymptotic 
forms Eg. (12:381) and Eq.^Ml 



lAf + Ko{me\z - Zi\)1n + " 

1=1 
k 

lAf + Cg^Ko{mg\z - zj\)Tfjj + 



1=1 



By using these asymptotic forms and the formula 



dz 



Koim\zi - zj\) = / — Ko{m\z - zj\)dKo{m\z - zj\) ~ {I J) + (c.c). 



we obtain 



qi = St 



4iVc2 4:Ncl ^ 

2^ Ko{me\zi -zj\)^ — QijKo{nig\zi - zj\) 



mt 



where B/j is defined by 



e 



ij 



N (1 + |/3,|2)(1 + |/3^|2) 



- 1. 



(4.39) 
(4.40) 



(4.41) 



(4.42) 



(4.43) 
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Comparing Eq. fl4.38p and Eq. f l4.42p . we find that 



Tr 



QiSjBj 



2Nc^ 2Nc^ 

" ^Ko{me\zi - zj\) H ^^QijKo{mg\zi - zj\ 

4log(l + |/3/r) 
mi 



(4.44) 



Then, we obtain the asymptotic effective Lagrangian form Eq. (I3.19P 



nv 



,7=1 



(4.45) 



where the Kahler potential is given by 

k 



K 



= E 

7=1 

- E 



TiV^\zA^ + %\0g{l+\U) 



27iv^Ncl 
ml 



9 
N- 



E 



— Ko{me\zi - zj\) 

mi 



- 1 Ko{mg\zi - zj\) 



(4.46) 



The last two terms describe leading interactions between different vortices. In homogeneous 
coordinates (A^- vector) 0/ for each CP^~^, after a Kahler transformation the Kahler potential 
can be rewritten as 



K 



E 

1=1 

E 



2i i2 47r , .-> . 

TTV \Zi\ + ^log 0/ 

9^ 



E 



2ttv^NcI 



mt 



Ko{me\zj - zj\) 



2nv^Ncl 
mi 



N 



<f>imj\' 



- 1 Ko(mJzi - zj\ 



(4.47) 



For the case me > 2mg , the second terms of Eq. fl4.46p and Eq. fl4.47p are incorrect since we have 
used Eq.f l2.38p as an asymptotic behavior of ipe- They should be replaced with terms of order 
^-2mg\zi-zj\^ However, the dominant contribution to the interaction comes from the last term, 
which is of order q-"'^s\^-M_ Therefore we can say that the above results are correct even in the 
case of me > 2mg if we neglect subleading contributions to the interaction. 



5 The point source formalism 

It has been shown that the interaction between well-separated Abelian vortices can be identified 
with that between composites of point-like scalar source and magnetic dipole [131 EH]- In [IQ] 
some of us used the point particle approximation for vortex-strings stretched between domain 
walls and found a good agreement with the direct calculation. 
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In this section, we show that a non-Abehan vortex looks hke a point particle in the following 
linear field theory 



2 4(7 

^2 1^ gl H- 



(5.1) 



Here, $° and $° (a = 1, ■ ■ ■ , A^^ — 1) are scalar fields, and Wj^ (a = 1, ■ ■ ■ , A^^ — 1) are the 
massive vector fields and k*^, are point-like sources corresponding to a non-Abelian 

vortex. Let us consider the following scalar source k, = n^t^ + K,°'t"' 



K = —nv 



1 - 



2 1 

mi 



d 



t: d 



(CelAT + CgTp)5'^{z - Zq) 



(5.2) 



where is defined in Eq. (12.351) and is defined by 

2/3-''/3J' 



1+ 



/3\ 



(5.3) 



For the vector source = + j^t", we assume the following form 



3' 



(5.4) 



where X^^ is an anti-symmetric tensor. Note that this form of the vector current implies the 
conservation law d^^j^ = 0. For the anti-symmetric tensor X^^", let us consider the following form 



X 



-71 



d 



[CelN + CgTp). 



where is the current of a point particle 



(5.5) 



(5.6) 



Now we will see that a non-Abelian vortex, viewed from distance, looks like the above point 
source at least up to second order in the time-derivative. We can check this by comparing the 
field configuration for the point source and the asymptotic fields for a non-Abelian vortex derived 
in Appendix |A1 The equations of motion for the scalar fields <l'°, and the vector fields w^. 



are 



Jv 



j: = {d,d^ + ml)W^, 
where we have assumed that the vector fields satisfy the Lorenz gauge condition 



(5.7) 
(5.8) 



(5.9) 
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Operating on both sides of (15. Sp . we see that this gauge condition imphes current conservation. 
The solution of the equations (15.71) and (15. 8p can be obtained by using the Green's function 
expanded in terms of the time-derivative 



$0 

w,. 



1 

2^ 
1 

2^ 
1 

2^ 
1 

2^ 





Ko 


[me\z 


-A 


1 ^ 

) + 

ml 




z — 


z'\)d^ + 0{dt) 




(5.10) 


(fz' 


Ko 


[niglz 


-A 


) + ^T 


[mg 


z — 


z'\)d^ + 0{dt) 


K'^{t,z'), 


(5.11) 


(fz' 


Ko 


'nie\z 


-A 


) + ^T 

mi 


[frie 


z — 


z'\)d^ + 0{dt) 


j%A, 


(5.12) 


(fz' 


Ko 


'mg\z 


-A 


) + ^T 


[mg 


z — 


z'\)d^ + 0{dt) 


mz'). 


(5.13) 



where 



T(.) = -sK'.is). 



It is convenient to expand the sources in terms of the time-derivative 



(5.14) 



(5.15) 



Correspondingly, the scalar field $ = + and the vector field = w^t^ + W^f^ are 
expanded as 



$ = ${0) + $(1) + $(2) + 0{dl), = + + ^ (j^QZy 



(5.16) 



Let us check that the field configuration for the point source and that for a non-Abelian vortex 
order by order. Note that odd (even) order equations of motion for w^"^ and W^^'^ i'^o^^ 
and VTq"''*) are trivial due to time-reversal symmetry. First, we consider the leading terms ^^^^ 
and wji'^ corresponding to the static configuration. The leading order terms of the sources are 
given by 



= -nv{CelN + CgTp)5'\z - Zo), 



3 



(0) 



-ni^CelN + CgTp)d5'^{z - zq). (5.17) 



Note that jo has no term without time- derivative. Evaluating (I5.10p . (15. lip . (I5.12p and (I5.13p . 
we obtain the following solutions for the static source 



$(0) = 

2 ' 



W. 



(0) 



2 



where the function \1' is given by 

^ = CelNKo{me\z - Zo\) + CgT,3Ko{me\z - Zo\). 



(5.18) 



(5.19) 



These solutions agree with the asymptotic forms of the static single vortex solution (]A.6P and 
(]A.7p in a singular gauge. Next, let us consider the first order contribution which are contained 
only in jo 



.(1) 



Zo 



_d_ 

dzo 



^ d Add 
° dzo m^g dzo Ozq 



AN + CgTp)5\z-zo). (5.20) 
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By using f l5.12p . f l5.13p and {Add — m'^)Ko{m\z — ^ol) = {z ^ zq), we obtain 



(1) 



d ^ d ■ ■ d -■ d 



(5.21) 



The second order terms in the scalar source k and the current jz are given by 



-(2) 



,■(2) 



TIV 



1 



mt 



d 



d 



--7 + Vt/3*-^ 



5^{Z - Zo){CelN + CgTfs), 



-— \ Zq + Zq— + Zq — jd [z- ZQ)[CelN + CgTp) 



8(3^ " 8(5' 
8 



8zo 8zo 
8 \ 8 



(5.22) 



ml \ 8/3' 8(3' J 8zo 

By evaluating the integral (I5.10p . (15.111) . (I5.12p and (15.130 . we obtain the following solutions 

1 



(5.23) 



$(2) 



-V [zo{z - Zo) + zo{z - Zo)] ^ 



--V [Zo{z - Zq) + Zq{z - Zq)] {zo8 + zo8)-^ 
o 

+ [zo{z - Zo) + - Zo)] + 1 

8 



1 



2mg 



vCgT{mg\z - zo\)8lTf_ 



/3' 



(5.24) 



W, 



(2) 



- Xzo{z - Zo) + Zo{z - Zo)\ 8^ 



% — — 

-- \zo{z - Zo) + Zo{z - Zo)\ (zo8 + Zo8) 9^ 
o 

-g [^0 - zo{zo8 - zo8)] 



i f • ■ 8 — ■ 8 
8 



88"^ 
8 



2m2 



Cg8T{mg\z - Zj\)8lTj3 



(5.25) 



As shown in the Appendix |Al the solutions (]5.2ip . ( I5.24p and (15.250 agree with those obtained 
by using the method of derivative expansion with a moving vortex background. 
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Let us rederive the effective Lagrangian for the non-Abehan vortices Eq. f l4.45p from the point 
particle formahsm. The effective Lagrangian for the point particles are given by 



(5.26) 



Here, is the interaction Lagrangian between J-th and J-th particles 



(5.27) 



ft?, Kj, and j'^j are the point-like source with zq = zi, /3* = (3} and $j, $}, w^j and W^j are 
the fields induced by the point-like source with zq = zj, [3^ = (3j. First, let us consider static 
interaction 



r{0) 



d X 



(5.2^ 



Since the static sources nf^ and j!,^'' are given by 



;{0) 



.(0) 



TTv{CelN + CgTpj)5'\z - Zi), jfj = 1Ti{CelN + CgTf}j)d6'\z - Zi), (5.29) 



the static interaction Lagrangian reduces to 



(0) 



-TTVtr 



nit 



. (5.30) 



Z=ZJ 



We can show by using Eq. f l5.18p and {4dd — m'^)Ko{m\z — 2;o|) = that 



mi 



0(0)^0 

J 



J ^2 ZJ 



0. 



(5.31) 



Therefore, the static interaction vanishes as expected from the BPS property. The leading order 
terms in the interaction Lagrangian are second order in the time-derivative 



'(2) 



^ 9 



y 



(5.32) 



Here, we have ignored total time derivatives and used 



d^X 



(5.33) 
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(2) 

and similar identities for the other fields. To calculate the interaction Lagrangian L)^i jy it is 
convenient to decompose it as 



A, ^ /rf^xRe(.r)r/) + A,:;v^)) 



Bo 



9 



(5.34) 
(5.35) 
(5.36) 
(5.37) 
(5.38) 



By using the explicit form of the static sources Eq. f l5.29p and the solutions f l5.24p and f l5.25p . we 
obtain 



-2nv Re 



CeTr ( ^fk'' + ^idW:Y>f 1 + c„Tr ( $7'^^'^ + ^tdWTt 



Av 



.0(2) ,0 



mt 



27rd 



zj 



27rc 



Av 



ml 



NKo{me\zi - zj\) H ^TT[Ti3jTi3j]Ko{mg\zi - zj\) 
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Z=Zj 

(5.39) 



4 = 



where we have defined the differential operators Sj, 6j by 

d - A 

dzj 

By using the identity 

27r 



_d_ 



d X Ko{'m\z — zj\)Ko{'m\z — zj\) 



with T in Eq. fl5.14p . we can calculate Bi and B2 as 



T{m\zi - zj\) 



Bi 



{6j + 6\)i6j + 6\) 



71C~, 



NT{me\zi - zj\) ^Tr [Tg,T^,,] T{mg\zj - zj\) 



B2 = iSr + 5\)iSj + S\) 
d d 



dzj dzj 
Therefore, we find that 

B, + B2 = {5i + 5\){5j + 5, 



Airc^ Attc^ 

-^NT{me\zi - zj\) 5-|Tr [Tg^T^J 'T{mg\zi - zj\) 



(5.40) 



(5.41) 



,(5.42) 



.(5.43) 



TTC 



TTC" 



-^NKo{me\zj - zj\) -\ I^Tr [Tij^T^j] Koiniglzi - zj\) 
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(5.44) 



where we have used {—Add + m'^)T{m\z — zq\) = —'m'^KQ{m\z — zq\). From f l5.20p and fl5.2ip . we 
obtain 

C = -{Sj - 5\)i5j - 5l) -^NKo{m,\zi - zj\) + ^Tr [T^.T^^] K^{mg\zi - zj\) . (5.45) 

L e g J 
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Therefore, the interaction Lagrangian is given by 



.(7,J) = [Ae + Ag + {I ^ J)]-[Bi+B2+C] 

"27rc2 



(5.46) 



i5i + 5j){5\ + 5. 



NKo{me\zi - zj\) -\ — Tr [T/3^T/3j] Ko{mg\zi - zj\) 



This interaction Lagrangian agrees with that in the effective Lagrangian Eq. (14 .45 p . 



6 Conclusions and Discussions 



By exploiting the local nature of non-Abelian vortices for A^^c = Np, we have extended the 
Samols' formula of for the metric on the moduli space to the non-Abelian U{N) case. This fact 
has enabled us to construct the explicit metric (14.450 and its Kahler potential ( 14.46^ on the 
moduli space of well-separated non-Abelian vortices. We have also derived the metric using an 
appropriate point-particle approximation for non-Abelian vortices. 

In this paper we have studied local vortices in U (N) gauge theory with the same number of 
fundamental Higgs fields as the number A^ of colors. When the flavor number is greater than 
the color number, the vortices are instead called semi-local [32]. A typical property of semi- 
local vortices is that they have a size modulus which is in general non-normalizable. In the 
case of a semi-local non-Abelian vortex, its orientational moduli are also non-normalizable [33] 
unless its size modulus vanishes [29] . The (non-)normalizability of zero modes was completely 
classified in [29] for arbitrary number of vortices with arbitrary moduli. Since wave functions 
for non-normalizable moduli are divergent in infinite space, we can have a metric only for the 
normalizable moduli. The most direct way to extend the present work to the case of semi-local 
non-Abelian vortices would be the calculation of such metric through the generalization of Samols' 
formula. However, the metric of well-separated semi-local vortices should be well-approximated 
by that of lumps [H] , since the asymptotic behavior in this case is efficiently described by lumps 
rather than local vortices. Therefore one should be able to work out the metric without the 
generalization of Samols' formula [42] . 

In order to address the metric problem in different gauge groups, such as SO and Sp, one 
must take into account the observation that non-Abelian vortices are generically semi-local. This 
means that our result can be immediately generalized only to the particular sector of their moduli 
space where vortices happen to be local, while for the full space a supplementary work of the type 
mentioned in the previous paragraphs will be needed. Non-Abelian vortices with gauge group 
G X U{1) with arbitrary simple group G were constructed in [M]. It was found for instance that 
the moduli spaces of single local vortices in G = S0{2N), USp{2N) gauge theories are Hermitian 
symmetric spaces S0{2N)/U{N) and USp{2N)/U{N), respectively. The moduli space of non- 
Abelian vortices in SO and USp gauge theories were further studied in [35l [36l [371 138] . 

Other possible directions are: 

i) to obtain the generalization of the Samols' formula to geometries other than C, for instance, 
a cylinder [13] , a torus [S] , Riemann surfaces [IS] or a hyperbolic space [13, [HI HB] , 
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ii) the inclusion of a Chern-Simons term |47] . 

iii) the generahzation to the non-BPS case where a potential term will be induced on the 
moduli space 148] • 
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A Derivative expansion 

In this section, we will see that the solutions f l5.24p and f l5.25p agree with the asymptotic fields 
for the vortex configuration by using the derivative expansion. It is convenient to use a singular 
gauge by performing the following singular gauge transformations G U{1) and Ug G SU{N) 



Then, the solutions for a single vortex in a non-singular gauge Eq. fl2.3ip become 

Se = v^\z~ Zo)^'-''e'^'^^^^, Sg = V{z-zo)^''e^^^''U, (A.2) 
where ipe and ipg are defined by 

T^e = Ipe - ^^Og\z - Zq\^ ^ CeKo{me\z - Zo\) ^ , (A. 3) 



1 

N 



= ^9 - Tflogk - ^oP ~ CgKo{mg\z - zo\) ^ . (A.4) 



Note that SeSg is single-valued whereas each of Se and Sg is multi-valued. Correspondingly, the 
solutions for the Higgs fields and the gauge fields fl2.32p . fl2.33p . f l2.34p become 

where is the matrix defined in Eq. fl2.35p . We focus on the asymptotic form of the single 
vortex solution in the singular gauge 

H-v1n = -^VCeKo{me\z - Zo\)l,y -^VCgKo{mg\z - Zo\)Tf3^ , (A. 6) 

w.t" + = -'-CedKo{me\z - zo\)1n - '-CgdKo{mg\z - zo\)Tp + ■■■ , (A.7) 
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Identifying the scalar fields $ = ^^t^ + ^°'t"' with H — vIn in the singular gauge, we find that the 
terms without time-derivative in f lS.lSp agree with the static solutions (]A.6|) and (]A.7|) . To check 
that the terms with time-derivative are also correct, let us consider a time-dependent background 
configuration by promoting the moduli parameters to time dependent dynamical valuables. The 
time-dependence induces the fluctuations around the background configuration, so we expand 
the fields with respect to the number of the time-derivatives 



and similarly for the vector fields and PV^. As a background solution, let us consider a single 
BPS vortex configuration satisfying the following BPS equations 



0. 



(A.9) 



If the position moduli Zq and the orientation /3* are constant, this background configuration 
satisfies the equations of motion 








2 „ n 2 



,e 9 

If we give weak time dependences to the moduli parameters 



(A.IO) 
(A.ll) 

(A.12) 



Eq. flA.lOp and Eq. flA.lip become equations of motion for the fluctuations, which can be solve 
order- by-order. Note that odd (even) order equations of motion for H''"'\ w^""^ and W^'^'' {w^^ 
and Wq""^) are trivial due to the time- reversal symmetry. The first order term in the gauge fields 
Wo and Wq are determined from the Gauss' law equation 







This equation can be solved as 



w«t° 



= i{5tSlSl-~' - S~'5\S,) 



(A.13) 



(A. 14) 



By using the asymptotic forms (1A.3P and (IA.4p . we can check that Eq. (I5.2ip agrees with the 
asymptotic forms of Wq and Wq. 

The asymptotic behavior of the second order fluctuations are determined from the linearized 
equations of motion 



g^ 



iV, f4(We + Wl) + \{Wg + Wl) 



e-^ g^ 



(A.15) 
(A.16) 
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Here, we have defined "H, We and Wg by 



(A.17) 
(A.18) 

(A.19) 



Note that the hnearized equations of motion have the physical zero mode associated with the 
moduli parameters and the gauge zero modes corresponding to the gauge transformation acting 
on the fluctuations. The gauge transformation acts of the fluctuation fields as 

where A^"^^ is an arbitrary hermitian matrix which is of second order in the time-derivative. 
To solve the equations ( lA.lSP and (]A.16p . it is convenient to take the following gauge for the 
fluctuations 



We = Wl Wa = Wl. 



Then, the equations (lA.lSP and flA.lOP can be solved with respect to Ti, We and Wg as 



We 



W„ 



1 Q-l Q-l 



Q— 1 Q— 1 



d 



SeSg, 



(A.21) 

(A.22) 
(A.23) 



n = slsl 



eg 



(A.24) 



The fluctuations H^'^\ wf^ and wf^'^ are determined from f lA.17p . (lA.lSP and (lA.lOp . We can 
assume the following form 



where G, X° and X^ are the fields satisfying 

n = V, 



g^ 



We + W, 



- {X^'f + X''t'')H, 



(A.25) 
(A.26) 

(A.27) 
(A.28) 



If we focus on their asymptotic forms, the background fields can be replaced with their vacuum 
expectation values. Therefore, the equations (]A.28P and (1A.27P reduces to 

4 4 

ml 



■ d ■ ■ d d 



V(j)'(j)^ 



70' d<p^ 
d d 



ml 



-dd ( ^XH^ + ^X^t" ) + (X°t° + XH"), (A.29) 



. ^ = -499G + 2miTi(Gt")t" + 2m'Tr(Gt'^)t^ 

(70* (90-? 



(A.30) 



26 



These equations can be solved as 

G = - 



V 

+ 4 



-a ^ ■■ d ' 



+-{z - 2;o) (^0 - zozod) d"^ 

+ l{z - -^o)zo$'^M - \{z - ^o)V./3^ Av^. 



Then, we obtain a solution for the second order fluctuations as 



(A.31) 



(A.32) 



H^^'^ = -(z-^o) [^o-io(io5 + lo^)] ^ 



9 [(z - 2:0)^] + {zero modes}, 



(A.33) 



+ ^(^ - ^o)io/3^^avl/ - '-{z - ^0) ( /3^/3^ 



92 ..a 

9/3'9/3J *^ 9/3' 



+{zero modes}. 



(A.34) 



We can show that these solutions are related to fl5.24p and (15.251) by the gauge transformation 
f|X20l) with 



■{z - zo) [io - zoizod + ^od)] ^ + ^{z - zq)zqP'^^ 



9/3' 



+ {h.c). 



(A.35) 
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